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Detection of Targets in
Noise and Clutter

; A i
3 : 1. INTRODUCTION j

é " The probability density function (after detection and video integration) for a ]
fluctuating target in gaussian noise has been known for some years now.1 Similarly, s
i ; results have alao been obtained for the case of a fluctuating target immersed in log-

2,3 .
’ However, it does not appear that any results have

] normally distributed clutter.
o been obtained for the case of a fluctuating target immersed in both noise and cluter.
: ) Therefore, in this paper we will calculate the (post square-law detection) probabil-
% ity density function for the sum of N pulses, zfter video integration, for the case of
t . a target immersed simultaneously in gaussian noise and log-normally distributed

' : clutter, We shall consider principally the case when the clutter power is of the

- same order of magnitude as the noise power, because when the clutter power is
very much larger than the noise power the results in2 are appropriate, whereas
when the noise power greatly exceeds the clutter power the results in° are adequate,

(Received for publication 21 July 1977)

1. Marcum, J., and Swerling, P. (1960) Studies of target detection by pulaed
radar, IRE Trans. on Inform Theory IT-6:2.

| : 2, Trunk, G., and George, S. {1870) Detection of targets in non-gaussian sea
1 : clutter, IEEE Trans, on Aerospace and Electronic Systems AES-G:620,

3. Schieher, D. (1975} Radar detection in log-normal clutter, IEEE international
Radar Conference, IEEE Pregs (Publication No, 75 CH0938-1 AES),
3 : New York.
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but vary from scan-to~scan, then the single pulse return tte'

We shall present detailed numerical results for the probatility of a false

alarm and the probability of detection for both Swerling-1 and Swerling-2 targets.

2. THEORETICAL ANALYSES

2.1 Target and Clutter Constant From Pulse-to-Pulse but Varying
From Scan-to-Scun (Swerling 1)
Let us suppose we have a target immersed in gaussian noise and log-norm:ally
disiributed clatter, and this target is to be detected using an N-pulse radar burst.
If we assume thac both the target and the clutter are constant from pulse-to-pulse

0 can be written as

Re'C - 5+ re'? | (L
where p represents the target-plus-clutter and r exp(i¢)} is a complex phasor rep-

resenting the noise, which is assumed to vary from pulse-to-pulse, and have the

probability density (for r = 0)

Pl ¢) s L exp [~ ) . 2)
271'6n 20n

\

For mathernatical convenience, we assuine that the signal is to be detected
using a square-law device. We are therefore interested in the probability distribu-
tion of the square, R2, of the envelope of the received signal. If we deline

_P2
x= =5 ,
2(72
n
_ R,
y‘az
20,

and temporarily treat p as though it were a constant, becausc it dees not vary from
oulse-to-pulse, it is readily shown4 that the conditional probability p(ylx) is

4, Beckmann, P, (1967) Probability in Communication Engineering, Harcourt,

Brace and World, New York.
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ply]x) = exp(-x -~ y) Iy (2Jxy) for y=0

=0 for y<0 , (3)

where IU(. ..} is the modified Bessel function. The characteristic function Cl(s] x)

associzted with p(ylwc) is

= o)
r

c,(slx EJ dy ™Y p(y|x)
0

w0
- e"‘fdy e 1Y I 2V (4)
0

"

s+ 07! exp (-x+s§1) .

For N-pulse detection, we detect the sum of N differen! values ¥n of the signal
plus noise variabies, That is,

}':yl+)v24y.j...+yN . (5)

If the noise samples ste statistically independent, then the characteristic function
of the sum of the N samples is the product or their individual characteristic func-

tions. Therefore, the characteristiz function CN(s‘lx) associared with Y is

. . A
ts1%) = (s + D N exp <-Nx + Jl‘l‘—) (6)

€ s +1

N

Now because the target and clutter fluctuate from scan-to-scan, we must

9
therefore average (6) over the variable x = p“/’20n2. That is

«©
CN(S) 2 f dx p(x) CN(Slx)
-0
Aax p(x) exp(—Nx + I\:xl)
- J T (N
Zeo (s+1)

11
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where p(x) is the probability density of the random variable x. We shall calculate
this later. Once CN(::) is known, the probability density of Y - Y1 + y2 e 4 YN is

Htice
I , ;) &5 Y
pN(Y) * 5p1 ds CN(a) e
A-ioo
o0
= j’ dx p(x) e X Gy, Y) (8)
-0

where

1 4 \N-1 v -2 .
Gp(% Y) = — (d—x) I, (2VRxY) - (T\Tx Iy.g @VNRD . (@)

The result in Eq. (9) follows from the (N - 1) fold differentiation of both sides of

the known result

A+iwo Nx
ds exp (sY + -———)
1. TN s tY NxY
7 f G = e 10 {2VNxY) . (10)

A-iw

In order to evaluate Eq. (8) for p(y), we must first obtain p(x). We recall
that p is the sum of the target and clutter and can be written as

p = u exp (ix) + n exp (iw) (11

where u exp (id) is a phasor representing the target return and n exp (iy) is a
phasor representing the clutter signal. For a Rayleigh target, we know that

2
pt(u. A} =—£—§ exp | - 11—5\ for u=0 (12)
Enot 201& }

=0 for u<0

’

12

et F. ratadile
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and the log-normal clutter is governed by the probability density

2
- ln.ni
p.(n.v) = @2n 32 (gn! exp J——z o—)— for n=0 (13)
20

=0 for n<@

The quantity o in (213; i3 the median value of . Also, the standard deviation o
has been estimated * = to be 0. 7 for low-se. -state clutter, 1.1 for ground clutter,
and as high as 1, 6 for high-sea-state clutter,

The probability density for the envelope of a Rayleigh plus log-normal phasor
is given in Chapter 4 of Beckmann4 and can be written as

]

2
Pt = o exp (- I dr F(7) I, -"-g for p= 0 (14)
20 o
t o t
=0 for p<O ,
where
lnz "
-1/2, 2 -1 - o
F(y) = (27) (6o 7 " exp sy - — = .
2°t 20

If we recall that x = p2/20’21, it is easy to show that

an
ag._T
Pl = o2 e ""Id, Fla) 1, (2x)1/20% for x20 (15)
(] t

where
2
bs (On/ot) .

We now use (15) in (8) and set n - -r/ct and
we obtain

Arter some rnanipulation,

s it

e i i




-(144)E
. dg 1. . (24FE) e M(E)
oy e Yy fN-U/2 J' N-1 T for Yz=0

(o]

-ﬂ; _Lﬁﬁz&lﬁi %))
8ag

oD
1 d 1/2
M(§) = (27')17-2: J. —nn Io [77(2'7’ £) ] exp
o

3:{—]| = noise to clutter ratio (19)

g
\n

2
g
o= (_t_) = signal to noise ratio (20

Equation (16) is the probability density for the sum of N pulses (following square-
law detection) received from a slowly varying target immersed in slowly varying
clutter but rapidly varying noise. This can be thought of as a Swerling-1 target
immersed in Rayleigh noise and Swerling-1 clutter.

As a check on the validity of (16), we can study the limit as the clutter power
vanishes (3 s ). In this case, (17) should reduce to the usual Swerling-1 result.
When 3 » o, it is clear that the only contribution to the integration over n in (17)
comes from n very near zero. Therefore, we can expand the integrand in a

Taylor series about n = 0. This gives

o
2 2
1 dn In” (of8n7) -
M(E)—-—vz— S—exp [- ] =1
B » o (27) o n 802
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i } If we set M(€) = 1 in (16) we readily find using p. 187 of Bateran® that for ¥ = 0

N-2
, - () (1) e () (-1 75)
. p Y f
. Ne No 1 + Ne 1
- : / 1+Na

pN(Y) (N - 2)!

(21)
B>oo

| H where ¥(N, x) is the incomplete gamma function defined on p. 387 of Bateman. 5

! Equation (21) is nrecisely the well-known result for a Swerling-1 target in Rayleigh
; ‘ i noise, as is seen by comparison with the results in Section 3. 5 of Berkowitz. 6
| An additional check is obtained by studying the result for N = 1, Fory =0,

i {16) becomes in this case

L ': SAX ) o® 1 2 2
1 PNl b Igﬂlo [mz e /2] o |-t ineg)
1 (2ﬁ)l/2 o(l +v) 5 n 1+y 21+ 802
1
(22)
E i which is the well-known result for the sum of two Rayleigh and one log~normal
]

random variables. Equation (22) is also appropriate for the N-pulse case in the
limit when the noise samples are completely correlated from pulse-to-pulse, as
opposed to the case we have considered here with the noise samples statistically
independent from pulse-to-pulse.

i 2.2 Clutter Varying From Scan-to-Scan but Target Varying From
; Pulse-~10-Pulse (Swerling-2 Target)

: When the target varies so rapidly that its cross section changes from pulse-to~
pulse (Swerling-2 Targel) but the clutter is constant frem pulse-to-pulse (where
the clutter is assumed to vary frem scan-to-scan) we can replace Eq. (1) by

a— .y -

Rem=u+vei(S (23)

where u represents the clutter and v exp (ié) is a phasor representing the target
plus noise. For a Rayleigh target immersed in Rayleigh noise (that is, the noise
envelope is Rayleigh, although the quadrature components are gaussian), the joint
probability density of v and 6 is given by (for v = Q)

-y AT e . o et ;0 s

5. Erzi—yi, A., et al (1954) Tables of Integral Transform (Baieman Manuscript
Project), McGraw-Hill, New York.

6. Berkowitz, R. (1965) Modern Radar, Wiley, New York.

i iy
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exp j-—5—3 (24)
2(0rl + ot)

p, (v,6) =
tn 2"(°r21 + otz)

where oi is the noise variance and otz is the target variance. We are again
interested in obtaining the probability density of the square of the envelope of the
total received signal. Iet us define

z = U2
262 + o?)

" R v
2(03 + of) l+a

where y is the same variable defined [vilowing Eq. (2) and ¢ is defined in (20). If
we temporarily treat u as a constant because it does not vary from pulse-to-pulse

(but only from scan-to-scan), it is straightforward to show4 that

ply'2) = exp (-2 -y I [2<zy')‘/2] for y' =0

(23}
=0 fer y'<0
wnich gives a single-pulse characteristic function
2) = -1 oo =2
Cl(sl z) = (s + 1) " exp (-.. + 7 1) . (26)

For N-pulse detection, we cdetect the sum of N different values y;l. In partic-

ular
Y':y'1+yl2+.--+yi\] . 27
If we assume that the target plus noise variables are statistically independent from

pulse-to-pulse, the N-pulse characteristic function is the product of the single

pulse ones and we get

16

.
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Cytsla) = (s + DN exp [~ Nz + stl] ] (28)

Because the clutter varies from gcan-to-scan, we must next average (28) over
the clutter probability density. This gives

TARTTTRIS RS TEP TROE TP SOAT T T 3TN

- —— g

® dz p (2) exp (~Nz » Nz
Cpls) - J' c ( s + 1) (29)

(s + 1)N

=00

o e s e
RDEERE ~oaR

where pc(z) is the probability density of the square of the clutter envelope. If we
write the clutter u as the random phasor u = n exp (iy), it is evident that pc(n, ¢) is
given by (13). In terms of the variable z = u2/2(ar21 + o?), this becomes

2
SRR TR LI L L TEY R

Bada s o a o o s alag)

z=0
§o
| t (30)
i =0 for z<?90
t ) 2 2,, 2
: where h = (o + Ut)/no' If we use (30) in (29), we get
1 ¢ 2
i CN(s) = /2 N d—zz exp |-Nz + SN+ZI - '"12—;21 {31)
2(27) a{s + 1) J 8o
so that
L
At+ioo
I sY!
pp(Y) = 51 I ds e CN(s)
: A-iw
is given by
b, :
i
3 Y T4 tn%(2h 2)
e 2 n z

3 po(Y") = —& j_,_ exp |-Nz -4 EZh2 b5 vy for Y 20
k. N 2(2”)1720 A z 802 N

(32)
=0 for Y'<0

17




ol

BRI TIPS (N U AECHV 155 - S

where GN(z, Y') is given by {9). Finally, if we let £ - Nz we can rewrite (32) as

_ 2(2he
Py(Y") = (Y,)(N-l)/z < z J < 1 [Z(Y'E)l/z] exp |- € ~ l—n—g—ﬁ-—z
N 22ni/2, , @ fNI72 N-1 862
for Y =0 (33)

=0 for Y'<C

.As a check on the validity of (33), we can consider the limiting case when the
clutter is absent (h > «). In this case, it is evident that the dominant contribution
to the £ integral comes from £ near zero. Therefore, we may expand the integrand
in a Taylor series about £ = 0. If this is done, the £ integral may be performed
and we find (for Y' = 0)

N-1 _-Y!
P (Y") = (Yn e
. (N - 1)

which is identical with the well~known6 result for the N-pulse sum for a Swerling-2
target in Rayleigh noise.

3. PROBABILITY OF FALSE ALARM AND DETECTION

The probability of a false alarm is the probability that the received signal
exceeds some threshold level YO when there is no target present. In the limit
when the target is absent, it is readily demonstrated that for Y >0, (16) becomes

- - o0 2(2p3¢
pr(¥) N2 J S ys Tnor 203 exp | ¢ l—nﬁl i
N 2020124 J Y2 N-1 802
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; Therefore, the probability of a false alarm for an N-pulse detection system is

-] <0
1 -y {N~y2
P =-———7——-—f dY e (Y)(
£ 2(27r)1 20 ¥ J
o
) { 3%)

1/21 tn? (Z‘TE—E)

exp -E -

dE Ty, [2(Y§)

Vi 8 2 E
E L o5
) +1)/2
f \ N+
: The probability of detecting a Swerling-1 Target in noise and slowly varying :

clutter can be obtained from (16) and is the probability that Y > YO when a target
is present. This is

0 ® ge 1 [2(YE)1/2] M) e 1HVE
. -Y . {N-1)2 N-1 :
P, -y f av e Y vf I - (36)
di v (,S.,(N /2 i

o
(o]

Also, the probability of detecting a Swerling-2 target in noise plus slowly vary-
ing clutter is the probability that Y' > YO/(I + o) because Y' = Y/(1 + o). Therz-

a3 m——— S % ——— VT 1t ——

fore, from (33) we have §

‘ i «© )( y o 3

! B 1 f -Y [ {N-1)2 J‘ F
; H P,, = iy dY e (Y

4 dz 2(2#)1 20 ¥ j

N I © {

Mo .

37 ;

2 -1 i

1/ In"(2hEN 3

3 N2 !

1

It is easy to demonstrate, that Pdl = sz for N =1,

In the next section, we will present numerica! results for P, P

d1 and sz.

Ig
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L NUMERICAL RESULTS

Before presenting our results it is useful to reemphasize once again our
definitions for signal-to-noise and noise-~to-clutter ratios, since they may differ
somewhat from those used by other authors. They are

<
a

t . " .
a = = signal-to-noise ratio,

3= —g— = noise to median-clutter ratio,

c
N = number of independent pulses integrated,
Ppo= probability of a false alarm,
pdl = probability of detecting a Swerling-l target in noice varying from
pulse-to=-pulse and clutter varying from scan-to-scan,
Pyo ® probability of detecting a Swerling-2 target in noise varying frorm

pulsc-to-pulse and clutter varying from scan-to-scan.

4.1 Fulse-Alarm Probability

By using (35), we have calculated the probability P[ «f a false alarm as a
function of the threshold YO = R'(z)/ZorZ], for a number of different values of the
noise-to-clutter ratio 3. These results, with the standard deviation o of the log
normal distribution set equal to 0.7, are presented in Figures 1-4. We observe
t':at the probability of a false alarm is significantly affected by the value of 3. It
is even more strongly affected by the value of ¢ as can be seen from the resu 2 in
Figures 5 and 6.

From the nature of the curves in Figures 1-6 it is clear that for large values
of YO (that is, small false alarm probabilities), F‘r is a fanction of ;’BYO/N. It is
demonstrated in Appendix B that for YO large, we may approximate (335) by

’2,’3Y\
1 1 ( [

P.~ — erfc - in (38)
[ 237, N )

where erfc is the compiementary error function defined by

2
B exp (-z%)
(rr)l/zz
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Table 1. Comparison of Pr as Calculated From Equation (38) With the
Exact Result

Pr
P
f (calculated from
o N ] YO (exact) Equation (38))
! - -6 et -6
0,7 1 1 300 2,35 X 10 2.57 X 10
0.17 1 1 500 4.20%x 10" 4.20 %1077

6 6

1.75 X 10" 1.79 X 10~

4.10 X10°° 4.20 %1077

2.0 x10°° 2.12 %1077

The final approximation in (39) is valid for z large, which is usually the case of
interest. A comparison in Table 1 of numerical results calculated from (38) with

the curves in Figures 1-6 indicates that (38) is an excellent approximation to (35)

f
problems we require a small value for Pr, Eq. (38) is a very useful approximation.

as long as YO is large (that is, P_small). Therefore, because in most practical
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1.2 Probability of Detection for Swerling=2 Targels

We now present some numerical results for the probability of detecting a
Swerling-2 target immersed in Rayleigh noise which varies from pulse-to-pulse
and log-normally distributed clutter which fluctuates from scan-to-scan, By using
Eq. (37), we have calculated the probability of detection sz for false-alarm prob-
abilities of 10™% and 1075,

o = 0.7, for a number of values of 3 and N, and are presented in Figures 7-16,

These calculations have been performed, assuming

For convenience we have also presented in Table 2 the values of the signal-to-noise
ratio « required fcr sz = 0,90, 0,99 and 0. 999, for a number of different values
of noise-to-clutter ratio ;3 and pulses integrated.

The effect on Pd2 of changing the standard deviation o of the log-normal dis-
tribution is illustrated in Figures 17 and 18. We note that a change in ¢ from 0.7
to 1.1, results in more than one order of magnitude change in the value of signal
to noise ratio o required for a given probability of detection sz. For the case of
vanishing clutter 5 » «, our numerical data compares well with the data in refer-
ence 1 for a Swerling-2 target immersed in Rayleigh noise. In the opposite limit
of vanishing noise 3 -~ 0 we can compare our results with those of Trunk7 only for
N = 1, because U'runk has considered the case when the clutter varies tfrom pulse-
to-pulse and we have considered the limit when the clutter varies only from scan-
to-scan.

From Figures 7-18, we note that large signal-to-noise ratios are usually
required for high detection probabilities. This suggests that it might be uselul to
have a large o approximation to (37). For large o, it is shown in Appendix C that
(37) can be approximated as

- Y0 \—;1 Yo ¥ 1 R
Pag=exp \-773 2, 1+a/ mt - (40}

A comparison in Table 3 of numerical results calculated from (40) with the com-
puted data in Figures 7-18 indicates that (4C) is quite an excellent approximation
for sz provided o3/N > 1, This encompasses nearly the entire range of practical
interest (that is, Pd2 > 0.5). Therefore, in quite a number of practical situations
it is not necessary to numerically evaluate the integrals in (37}, and Eq. (40) can

be used.

7. Trunk, G. (1971) Further results on the detection of targets in non-gaussian
sea clutter, IEEE Truns. on Aerospace and '"lectronic Systems AES-7:553,
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Table 2. Value ot‘ 51

TITREE o

al-to- \olse Ratio a Required for Pd

: 0,9, 0,99 and

0. 999 When l’ H 'and ¢ =
3 Py, = 0.9 Py, * 0.99 Py, = 0.999
N =1
0.316 1,177 x 104 1.234 X 10° 1.239 x 10°
1.0 3.701 x 10° 3. 880 x 10 3,500 X 10°
3.16 1.165 x 107 1.244 x 10 i.244 x 10°
10.0 4.113 x 102 4.321 x 10° 4.341 x 10%
100, 0 1.329 x 102 1.403 x 10° 1.410 > 1%
N -3
0,310 3380 8500 1.925 x 104
1.0 " 1055 2680 6.100 x 10°
3.16 348 855 1.950 X 10°
10. 0 113 280 6.40 - 10°
100, 0 17.7 46 1.07 - 102
N s
0.316 2350 4150 6650
1.0 640 1300 2120
3.16 234 12 660
10.0 75.5 135 240
100.0 9.7 17.48 29,5
N - 10
0.316 1980 3000 4350
1.0 620 a37 1300
3,16 197 208 415
10.0 64 96 137
100. 0 7.6 12 17
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Table 3. Comparison of Pys Calculated FFrom Equation (40} With the Exact
Result for o = 0.7 and P = 10-6

Paz
P
v d2 {calculated from

i3 a N o (exact) Equation (40)
1 1000 1 390 0. 67 0.68

1 1000 3 1170 0, 89 0. 89

1 1000 6 2350 0. 968 Q0,967

1 1000 10 3900 0. 994 0.9932
10 100 1 44 0.65 0.65
10 100 3 123 0. 875 0,876

10 100 6 240 0. 965 0. 966

10 100 10 405 0.9922 0.9918

1.3 Probability of Detection for Swerling-1 Targets

We now calculate the probability of detecting a Swerling-1 target immersed in
log-normal clutter which varies from scan-to-scan and Rayleigh noise which varies
from pulse-to-pulse. By using (36), we have computed the probability of detection
pdl for false~alarm probabilities of 10'4 and 10-6. These calculations foro - 0,7
and a number of different values of 3 and N are presented in Figures 19-28. From
Figures 19-28, we observe that large signal-to-noise ratios o are usually required

for high probabilities of detection, For large o, it is readily demonstrated” that

1 \N-1 v,
Pdl ~ 1+N‘a‘ exp -W . (41)

\

A comparison of numerical results calculated from (41) with the computed data in
Figures 19-28 indicates that {41) is an excellent approximation for Pdl whenever

Pdl>0.7.

"The proof parallels that in Appendix C. In particular, observe that for large o
the integrand in (17) can be expanded in a Taylor series about n : 0. This gives
M(£) = 1. Upon setting M(£) = 1 in (36), we can readily do the £ and y
integrations.
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1t is interesting to note from Figures 19-28 that unless 3 > 10, Pdl is essen-
tially independent of N. This is quite evident from physical reasoning because for
small noise-to-clutter ratios neither the target nor the clutter-plus-noise fluctuate
from pulse-to-pulse. Therefore, summing N-pulses cannot offer any advantage.

This is also evident from (41) and (38). From (38) we have taat for ‘x'o large

) H(PpN

Yo TR (42)

where I is a function of Pr. If we use this result in {41) we obtain

Yo Il(Pr)
Pd1 =exp |~ |=exp |- P s (43)

which is clearly independent of N, For large values of ,}, the results in (42) and

{43) are no longer appropriate because then YU is no longer large, as is required
for (42) to be valid.

5 AW




| -5 v zn.\(w: ERER AN L ki h o a b

3. DISCUSSION

Y ]

. The results we have presented in Sections 2-4 are strictly valid for a receiver
which consists of a square-law detector and integrator. However, most systems
operating in an environment where clutter is a consideration are likely to employ
an MTI (moving target indicator) to reduce clutter. When an MTI is used our
results are only approximately valid, because the noise* samples are then not
statistically independent frorn pulse-to-pulse, as we have assumed, (This state-
ment applies to the target-plus-noise for a Swerling-2 target,) In order to see
this, we consider a single stage MTI. Let n_, be the noise present at the input to
the MTI at time (i - 1), n, be the noise aitime ir, and no be the input noise at
time (i + 1)r. Then the MTI noise output n; at time i 4 is ?]i oty and the output
T, attime (i + 1)risf, , =n -n.,,. Therefore, eventhoughn,

i+l
are statistically independent, rTi and ﬁi

N and L

. T = -
41 are not, because () = (o, ni)

(ni - niH)) = - (n‘iz) = 0, Consequently, the noise samples at the output of the MTIL
are partially correlated from pulse-to-pulse. Thus if NO of these pulses are
integrated, the correct probability of detection will be somewhere between our
answers' " in Figures 7-28 for N = 1 {complete correlation of all N, pulses) and

N = NO (compiete decorrelation). For a single stage MTI, the pulse-to-pulse
correlation coefficient is 1/2, for a two stage MTI the correlation coefficient is
2/3, etc. This suggests that the N = 1 results in Figures 7-28 will be a reasonable
approximation when a multistage MTI is used, even if N-pulses are integrated

following the MTI,

*Note that this will not be a problem with the clutter samples because the clutter
samples have been assumed to be completely correlated from pulse-to-pulse,
and the MTI do=s not change this. The clutter statistics from scan-to-scan are
of course still log-normai.

v

:

' **The value of the clutter level which would be used in calculating f§ is the residual
, clutter level present at the MTI output terminals,
v
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Appendix A

Probability Density for a Constant Torget

Here we give the probability density for the envelope squared of the sum of
N-independent samples from a constant target immersed in Rayleigh noise which
varies from pulse-to-pulse and log-normal clutter which varies from scan-to-scan.
For Y = 0, the result is

-Y -3 0

[ =£ ,
P(Y) - =S f dg ™ Gy (g, V) I
(27) o f

Aan

2. 3/2_.1°2 2, -1
46 exp {_m (aze - 2822612, AN |}
80°
2 - 23/2 9g1/2 4 32

‘9
where a - Nl"‘C/on, C is the (constant) target voltage and 3, Y, GN etc, are as

defined previously.
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Appendix B

Derivation of Equation (38)

If we let n = ¥;Y _and € = Y t, we can rewrite (35) as

v © o -1y2 .
_ 0 dt (n¥¥ M o gy 1/2
Py 512 f d”f t (ts In-1 [2Y, 0077
2(27) o9 rd
(B1)
28Y
1 2 [}
exp {-Y (n+t) -—=In < t)} .
{ o} 80_2 N

For Yo > 1, we can use the asymptotic expansion for IN-I(Z)' If this is done and
we also make the substitution t = x2 and n = v°, we can rewrite (Bl) as

1/2

(2Y ) N-1

Ly, 1/2 dx_ (v o e 2L,

Pf 20 I v dv J. —;72- X exp YO(X v) —8:2- in
1

(o]
23Y
(=)

For Yo . o it is clear that the integrand of the x integral is sharply peaked about

(B2)

x = v, because of the term exp [-Yo(x - v)2] . Therefore, we can set x = v in the
entire x integrand, except for exp [-Yo(x - v)2] to get

37
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Prm = I—v—exp —-;ln N / v J’ dz e (B3)
1 -

where in the last integral in (B3) we have replaced x - v by z and extended the
range of integration on z to the entire real line. If we perform the z integral and
then let u = (2712471 yn [v(ZﬁYO,’N)1/2| we get

1 2
-u" du
Pg T3 J e (B4)
(7}
p
; 2,=1/2 ot 7 . . .
! where p = (86”) ' “ in (2,3&0/1\1). Equation (38) fullows immediately from (B4),
.
i
)
;
¢
38
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Appendix C

Derivation of Equation (40)

For large a, it is convenient to rewrite (37) as

Yo -
1te (N-1)/2
1 =Y dY df /Y " : oy 172
P lco——— I e I (—) Lo [2(yE)" "7
a2 oz 72 ) J T (e N-1

wn
exp [-E. -—1-:.2- n? (3‘—’&5—&)]
8o \

As o » w. it i5 clear that most of the contribution to the integral comes from ¢

near zero. Therefore, we may expand I (...} in a Taylor series gbout ¢ - 0 to

N-10
obtain
y
(o]
l+a x
Y (N-1 .
.1 av e ¥y ae [ _1 . 2(203¢
Pap = 1 1,72f (N - Dt f g P 3 in ( N )]
20(27) 8o
o] (s}
(C2)
39
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If we recall that

1 dE 1 2
—_— exp | -—= In“(AE)
2(%)”%[ ¢ [ 80° ]

we see that (C2) becomes

n
—

-Y ,N-1
dYe " ¥ .
Pyp~ 1 ! N . (C3)

Finally, if we use form 5 on p. 134 of Ref, 1, we can evaluate the integral in (C3)
to yield (40).

1. Erdelyi, A., et al (1954) Tables of Integral Transform (Bateman Manuscript
Project), McGraw-Hill, New York.
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METRIC SYSTEM
BASE UNITS:
—Quantity Ualt .81 Sywanbol . Formyla
length metrs m
mass kilogram kg
time second s
slectric current am A
th dynami p kelvin K
amount of substance mole mol
luminous iztensity cendela
SUPPLEMENTARY UNITS:
plene angle radian red
solid angle stetadian st
DERIVED UNITS:
Acceleration meotre per second squared mis
activity (of s radioactive source} disintegration per second {disintegration)s
angular scoslerstion radian per second squered rad/s
angular velocity radian per second radle
ares square metre m
density kilog:zm per cubic metre kgm
electric capacitance hns. F AWV
electrical conduriance slomens S AN
slectric field sirength volt per metre Vim
slectric inductance henry H VoA
slectric polential differsnce volt v WIA
electric rsistance ohm VIA
slsctromotive force volt v WIA
3 onergy joule ] Nem
g entropy jouls per kelvin w
force nswton N kgmi
frequancy heriz Hz (cycleys
3 illuminance lux Ix Im/m
o luminsnce candsia per square metre cd/m
F luminous flux lumen Im cder
i magnetic feld strength ampere per metre Am
- magnetic flux waber wh Vis
E magnetic fMlux density tasla T Whim
] magnetomotive force smpere A
powet watt w Vs
3 pressure Pa Nim
3 quantity of electricity coulomb [ As
X quentity of heet joule ) N'm
radiant intensity watt per stersdisn Wisr
specific hoat joule pee kilogram-kelvin VkgK
stress Pa Nim -
thermal conductivity watt per metre-kelvin wWim-K
veiocity mete per second mws
viscosity, dynamic pascal-second Pas
viscosity, kinematic square metre per second mis
voltage volt v WIA
9 volume cubic metre m
4 wavenumbet reciprocal metre wave)m
K w jouls I m
- SI PREFIXES:
; _ Multiplication Factors _ Prefix 81 Symbol
5 ; 1 000 000 000 000 = 10% tera T
d 1 1 000 000 000 = 10° siga G
y | 1000 000 = 10* mega M
i 3 1000 = 10° kilo 1
. K 100 = 107 hecta® h
10 = 10 deka® da
I ¥ 0.1 =10"! decl® d
i ’ 0.01 = 10-2 - contl* c
4 0.001 = 10-? milli m
B k. . 0.000 001 = 10~* micro m
E 5 0.000 000 001 = 10-° nano n
’ €.000 00C 000 001 ~ 10~'3 ico
3 0.000 000 000 000 00 = 10~'? to r
5 : 0.000 000 000 000 000 001 = 10~18 atto .

“ To be avoided whers possible.
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